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The transient response of a uranium zirconium hydride (U0.31ZrH1.6) fuel element to conditions typical of
a light water reactor reactivity insertion accident has been studied. Hydrogen diffusion within the fuel is
treated as a function of the time-dependent temperature profile. Temperature and hydrogen concentra-
tion dependence of thermal properties of the fuel is also considered. The set of coupled equations describ-
ing the transient conduction of heat and diffusion of hydrogen are solved with a Crank–Nicolson
discretization scheme for heat diffusion and an explicit Euler scheme for hydrogen diffusion.
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1. Introduction

Hydride nuclear fuels (uranium–zirconium hydride) have been
successfully utilized in many research and test reactors as well
as space programs. The added presence of hydrogen in the fuel pro-
vides neutron moderation within the fuel in addition to the tradi-
tional moderator. This allows displacement of moderator with fuel,
effectively increasing power density. Hydride fuels also enjoy a
higher thermal conductivity than oxide fuels and possess ther-
mally induced hydrogen up-scattering that accompanies Doppler
feedback. Hydride fuel has also been proposed as an optimized ma-
trix for the deep burn of plutonium and minor actinides. The pro-
posed fuel could achieve TRU (transuranic elements) destruction
fractions as high as twice that realized within MOX (mixed oxide)
fuels [1].

Uranium–zirconium hydride fuel consists of metallic a-U phase
dispersed in a d-ZrH1.6 matrix. The fuel is typically fabricated by
massive hydriding of uranium zirconium alloys formed by arc
melting of the metal components. Uranium inside the fuel remains
metallic since the equilibrium partial pressure of the UH3 phase at
fuel processing temperatures is very high (pH2 = 1 atm for UH3 at
�700 K, where hydriding temperatures range from 800 to
1200 K). Maximum heavy metal loading inside the fuel is limited
to 45 vol% uranium which corresponds to the fuel composition of
U0.31ZrH1.6. During operation of the reactor, the temperature gradi-
ent across the fuel drives the hydrogen to the cooler regions due to
the large heat of transport of hydrogen in the d-ZrH1.6 phase
(TQ = 640 K) [2]. Thermal conductivity of the fuel is a function of
both temperature and hydrogen concentration, with a stronger
dependence on the latter. The volumetric heat capacity has the
same dependencies; however, its dependence on the temperature
is more marked. Hydrogen diffusivity is an exponential function
B.V.
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of temperature with a small dependence on hydrogen concentra-
tion (site blocking by other hydrogen atoms during stochastic
jumps).

It is therefore necessary to couple the heat conduction to the
hydrogen diffusion in order to achieve accurate results in predict-
ing the temperature and hydrogen concentration profiles both un-
der steady state and transient operating conditions. Accurate
modeling of the coupled transient behavior will provide detailed
information of the stress across the fuel as well as the necessary
information for predicting the possibility of excessive hydrogen re-
lease from the fuel during accidents.

2. Methodology

2.1. Hydride fuel properties

2.1.1. Thermal conductivity and volumetric heat capacity
The fuel is a composite structure of metallic a-uranium dis-

persed in a d-zirconium hydride matrix. The thermal conductivity
of the fuel can be calculated as the product of thermal diffusivity,
density, and specific heat capacity of the composite material. These
properties can be estimated using the rule of mixtures where ther-
mal diffusivity and density are estimated on volume fraction basis
and heat capacity on mass fraction basis, respectively. Therefore
the overall thermal conductivity of the fuel can be estimated using
the thermal properties of uranium as a function of temperature
and zirconium hydride as a function of both temperature and H/
Zr ratio [3–6] as shown in Eq. (1) (Fig. 1(a)). A similar approach
can be used to determine the volumetric heat capacity of the fuel
as function of temperature and H/Zr ratio in the composite fuel
(Fig. 1(b)). The influence of burnup on these properties is unknown
and therefore this analysis is applicable only to fresh fuel. Thermal
conductivity is however expected to decrease as a function of bur-
nup since hydride fuel experiences large swelling rates, especially
at low burnup conditions. Hydride fuel also has good fission gas
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Nomenclature

K thermal conductivity (W/cm K)
v volume fraction
w mass fraction
j thermal diffusivity (cm2/s)
q mass density (kg/cm3)
Cp specific heat capacity (J/g K)
T temperature (K)
_qm volumetric heat generation rate (W/cm3)
TRf

fuel surface temperature (K)
h heat transfer coefficient (W/cm2 K)
T1 coolant temperature (K)
d cladding/gap thickness (cm)
J radial flux (cm�2/s)
D macroscopic diffusion coefficient (cm2/s)
k jump distance during diffusion (cm)
s mean residence time in each lattice site (s)

g number of available adjacent jump sites
t vibrational frequency inside lattice (s�1)
NZr zirconium number density in d-ZrH1.6 phase

(atoms/cm3)
C H/Zr ratio in ZrHx

TQ heat of transport of H in d-ZrH1.6 (K)
S surface area/volume of shell (cm�1)
D coefficient of expansion of hydrogen
F coefficient of thermal expansion (K�1)
er, eh, ez radial, azimuthal, and axial strain
rr, rh, rz radial, azimuthal, and axial stress (MPa)
E elastic (Young’s) modulus (GPa)
m Poisson’s ratio
R gas constant (kJ/mol K)
kDH dehydriding rate (mol/cm2 s)
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Fig. 1. (a) Thermal conductivity and (b) volumetric heat capacity of the U0.31ZrHx

fuel as functions of temperature and H/Zr ratio.
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retention properties which indicates voids containing noble gases
form during operation. This is related to swelling and will further
deteriorate the thermal conductivity

kFuel ¼ kU vU þ
jZrH1:6

jU
1� vUð Þ

� �
vU þ

qZrH1:6

qU
1� vUð Þ

� �

wU þ
Cp;ZrH1:6

Cp;U
1�wUð Þ

� �
: ð1Þ

(Refer to nomenclature for a description and respective units of
all the variables discussed in the equations throughout this paper.)

2.1.2. Hydrogen diffusivity
The diffusivity of hydrogen in zirconium hydride has been mea-

sured over a relatively large range of temperatures and hydrogen
concentrations by Majer et al. [7]. The only set of data correspond-
ing to d phase zirconium hydride (H/Zr ratio = 1.58) yields the dif-
fusion coefficient as

D ¼ 1:53� 10�3 exp
�58:8

RT

� �
: ð2Þ

The Einstein diffusion model describes the diffusion coefficient
as

D ¼ 1
6

k2

s
; ð3Þ

where k is the jump distance of the diffusing species and s is the
mean residence time in each site before a jump. The mean resi-
dence time is inversely proportional to the product of the number
of available adjacent jump sites (g) and the jump frequency. The
jump frequency is the product of vibration frequency of the spe-
cies in that site (t) with an Arrhenius factor that determines the
probability of each vibration leading to a successful jump. There-
fore, the pre-exponential factor in the diffusion coefficient can
be expressed as

Do ¼
1
6

k2gt; ð4Þ

g is the product of the number of adjacent jump sites (6, since
hydrogen is on a simple cubic lattice inside the face centered cubic
Zr unit cell where the overall structure corresponds to a Fd�3m space
group) with the probability that the site is not currently occupied
by another hydrogen atom. This probability can be determined from
the stoichiometry and structure of the system; the pre-exponential
term can therefore be estimated as
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Do ¼
1
6

k26 1� C
2

� �
t: ð5Þ

Activation energy for diffusion is essentially independent of
hydrogen concentration, assuming the mechanism of diffusion
does not change in the range of interest (H/Zr ratio from 1.5 to
1.7). The final expression that is used for the diffusion coefficient
of hydrogen in d-ZrHx is

D ¼ 7:29� 10�3 1� C
2

� �
exp

�58:8
RT

� �
: ð6Þ
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Fig. 2. A single time-step in the solution algorithm.
2.2. Heat conduction model

The transient radial heat conduction equation for an axial slice
of fuel with internal heat generation and variable properties is

@

@t
qCpT
� �

¼ 1
r
@

@r
kr
@T
@r

� �
þ _qm: ð7Þ

All terms are treated as radially and temporally variant except
for the internal heat generation which is approximated as spatially
uniform. The validity of this assumption is addressed in detail in
the discussion Section 4.3. The steady-state solution defines the
initial condition and the time-dependant heat generation drives
the model. The two necessary boundary conditions are zero heat
flux at the fuel centerline and a fuel surface temperature that de-
pends on the coolant temperature and the conductance between.
This second relation is shown below.

TRf
ðtÞ ¼ �

kRf
ðtÞ

h
@T
@r

� �����
Rf ;t

þ T1; ð8Þ

where the heat conductance, h, is defined as

1
h
¼ Rf

ln 1þ dgap
Rf

� �
kgap

þ Rf þ dgap
� � ln 1þ dclad

Rfþdgap

� �
kclad

þ 1
hhyd

: ð9Þ

A semi-implicit Crank–Nicolson scheme is used for discretiza-
tion [8] whereby time is discretized with the trapezoid rule and
space with the central difference formula, obtaining inherent sta-
bility and second order accuracy. At first glance, the solution might
require an iterative predictor-corrector algorithm since the un-
known iterate is not known explicitly. However, if the extra effort
is made to form the relation into a linear system, the problem is
transformed into solving a sparse linear system of equations at
each time-step. Fortunately, MATLAB� contains LAPACK, a library
of linear algebra subroutines that solves linear systems such as
these quickly and accurately. The full discretization of the heat
equation can be found in Appendix A.

2.3. Hydrogen diffusion model

The driving force for the flux of hydrogen atoms across the fuel
exists due to temperature and concentration gradients across the
pellet. The radial flux is equal to

Jr ¼ �DNZr
dC
dr
þ TQ C

T2

dT
dr

� �
: ð10Þ

After relating the flux and concentration in a conservation equa-
tion such as in Huang et al. [9], an explicit time-discretization
scheme is used since the rate of change of the concentration is
small and linearization introduces only small errors. Flux at the
surface of the fuel is approximated to be zero; the accuracy of this
simplification is addressed in Section 4. In the conservation equa-
tion, the fluxes are multiplied by a ratio of surface area and volume
which correspond to the surface through which the flux is passing
and the volume of fuel in which hydrogen resides. Since hydrogen
exists only in the d-ZrHx phase (the flux of hydrogen atoms in the
a-U phase is negligible [9]), this area to volume ratio is weighted
by the fraction of this phase (�0.9). The fully-expanded discretized
diffusion equation and its derivation can be found in Appendix B.

2.4. Coupling algorithm

As mentioned earlier, there is a high degree of interdependency
of the pertinent variables. The heat equation for temperature de-
pends on thermal conductivity and volumetric heat capacity. The
hydrogen diffusion equation depends on temperature, hydrogen
concentration, and diffusivity. The diffusivity, thermal conductiv-
ity, and volumetric heat capacity all depend on temperature and
hydrogen concentration.

The following operator splitting algorithm is used for each time-
step. The heat equation is semi-implicitly solved for the current
temperature using properties from the previous time-step and
extrapolated properties for the current time-step (see Appendix
A). Next, the hydrogen concentration is explicitly calculated for
the current time-step using parameters only at the previous
time-step (see Appendix B). Third, the diffusivity, thermal conduc-
tivity, and volumetric heat capacity are updated with the current
temperature and hydrogen concentration. This process is shown
in Fig. 2 where arrows denote inputs, circles are variables (dashed
lines denote the previous time-step), rectangles are equations,
pentagons are boundary conditions, and the hexagon is power den-
sity (assumed independent of other variables).

Before the transient solution algorithm is run, the steady-state
equations are solved using a similar process with a relative error
tolerance for convergence of 103 times machine precision.

2.5. Stress calculation

The two sources of strain in the material arise from temperature
and hydrogen concentration gradients across the fuel. Olander [10]
reported the linear coefficient of expansion of hydrogen as
b = 0.027 per unit change of H/Zr ratio in ZrHx. The temperature
dependent coefficient of thermal expansion of the zirconium hy-
dride has been reported as a = 3.36 � 10�6 [1 + 4.40 � 10�3T] per
unit change of temperature in Kelvin [11]. The elastic modulus of
zirconium hydride is approximately 130 GPa in the temperature
range of interest [12]. The elastic modulus of the composite fuel
is obtained using the rule of mixtures as 145 GPa (vol% a-
U = 19.4). With a similar analysis, the Poisson ratio for the compos-
ite is 0.3 (ma-U = 0.23, vZrH1:6 = 0.32 [12]). Total strain in the fuel is
the sum of elastic, thermal and hydrogen strains. The constitutive
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equations in the axi-symmetric cylindrical coordinates are then
presented as

er ¼
1
E

rr � mðrh þ rzÞ½ � þ aðDTÞ þ bðDCÞ; ð11Þ

eh ¼
1
E

rh � mðrr þ rzÞ½ � þ aðDTÞ þ bðDCÞ; ð12Þ

ez ¼
1
E

rz � mðrh þ rrÞ½ � þ aðDTÞ þ bðDCÞ: ð13Þ

Eliminating the displacement vectors in the definition of cylin-
drical strains, the relationship in Eq. (14) is obtained. Using the
constitutive equations coupled with this condition and also assum-
ing a plane strain scenario in the axial direction, a differential
equation governing the radial stress across the fuel is determined
(Eq. (15)). The fuel is assumed initially restrained in the axial direc-
tion (the plain strain assumption); later by application of Saint Ve-
nant’s principle the unrestrained axial stress is determined [13].
The two necessary boundary conditions are a zero stress gradient
at the fuel centerline and zero radial stress at the fuel surface

deh

dr
þ eh � er

r
¼ 0; ð14Þ

1
r2

d
dr

r3 drr

dr

� �
¼ �E

1� m
d
dr
ðaTÞ þ b

dC
dr

	 

: ð15Þ

The radial equilibrium condition in cylindrical coordinates (Eq.
(16)) is used to calculate the azimuthal stress across the fuel based
on the radial stress

rh ¼
@

@r
rrrð Þ: ð16Þ

To determine the distribution of axial stress across the fuel, the
axial stress is first calculated assuming complete restraint in the
axial direction (ez = 0). Then the difference from the average of this
quantity across the fuel is denoted as the actual magnitude of axial
stress (Saint Venant’s principle). For the complete set of calcula-
tions showing the derivation of different stress components please
refer to Appendix C.

Simpson and Cann [14] report the mode I fracture toughness of
d-zirconium hydride as 3 MPa m1/2 at 573 K. Ductile phase tough-
ening in the fuel due to the presence of uranium particles is ex-
pected by crack bridging and process zone toughening
mechanisms. By conservatively ignoring such effects, linear elastic
fracture mechanics can be applied. However finite element meth-
ods are necessary to predict the evolution of flaw size in the mate-
rial due to the complex state and distribution of stress and are
beyond the scope of this work. An adequate scheme would be to
artificially assign cracks to different regions of the material that
would in turn correspond to dissimilar states of stress. The pro-
gression in flaw size and geometry that correspondingly depends
on the evolution of the changing stress state can then be studied.

2.6. Model physical parameters

The model was composed of a fuel element 1 cm in diameter,
housed inside a zircaloy cladding of 0.9 mm in thickness, with a
70 lm molten lead–tin–bismuth (Pb-33.3 wt%Sn-33.3 wt%Bi) gap
in between. The gap and cladding were not modeled explicitly
but instead were introduced as the outer boundary condition along
with the hydraulic conditions. The conductivities used for the li-
quid–metal (LM) gap and clad were 0.20 W/cm K [15] and
0.16 W/cm K [16], respectively. The thermal-hydraulic heat trans-
fer coefficient was estimated using the Presser correlation for the
Nusselt number with the typical geometry and operating parame-
ters of a PWR, resulting in an approximate value of 1 W/cm2 K. The
bulk coolant temperature was 575 K and the pitch to diameter ra-
tio was 1.2. The fuel-averaged H/Zr ratio was 1.6.
3. Results

3.1. Steady-state results

The steady-state calculations were conducted with 500 spatial
nodes at linear heat rates (LHR) of 100, 200, and 300 W/cm. The
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results of the steady-state temperatures, H/Zr ratios, and axial
stress distributions are shown in Fig. 3(a)–(c), respectively.

As expected, the fuel temperature gradient and outer fuel tem-
perature increase with LHR. The hydrogen concentration gradients
are also steeper with increasing LHR. With a LM bonded fuel, even
though the average temperature is lower when compared to the
conventional He gap fuel, the extent of hydrogen redistribution is
more severe (as reported by Olander [10]). This has been confirmed
by the model but is not shown in this paper. This trend is justified
by inspection of the flux governing equation where the T�2 depen-
dence of the temperature gradient term enhances its impact at
lower temperatures.

The largest component of stress is the axial stress, whose value
is influenced by the temperature and hydrogen concentration gra-
dients in an opposing manner. However, hydrogen-induced stres-
ses are the dominant component, as is evident from the steady-
state results. Generally, the fuel surface experiences severe com-
pression from axial and azimuthal components of stress, while
all three components of stress are tensile at the central region of
the fuel. Even though the hydrogen redistribution is larger with
increasing LHR, the magnitude of stress might not increase due
to larger thermally induced strains.

3.2. Transient results

A parametric transient case study was completed with a nom-
inal LHR and coolant temperature of 300 W/cm and 575 K,
respectively. The power was pulsed to twice the nominal value
for 2.5 s and then dropped to 5% while the coolant temperature
and fuel-to-coolant conductance remained constant. This repre-
sents a simplified and exaggerated reactivity insertion accident
(RIA) with a large pulse height, a long pulse width, and a subse-
quent SCRAM. The hydrogen redistribution, although present, is
miniscule since the hydrogen diffusivity is orders of magnitude
smaller than the thermal diffusivity (�2 � 10�8 cm2/s compared
to �6 � 10�2 cm2/s). Consequently, only the resultant spatial fuel
temperature and axial stress distributions are shown in Fig. 4(a)
and (b), respectively.

The fuel temperature directly follows the power pulse, rapidly
peaking as the power jumps and then relaxing down after the
SCRAM. The stress response of the fuel is interesting in that the ax-
ial stress is actually lowered and flattened during the power pulse.
This is caused by the increased thermal stresses that counteract the
dominating stresses created by the hydrogen concentration gradi-
ent. As the fuel cools during the SCRAM portion, the hydrogen-in-
duced stresses remain unopposed and the overall stress increases.
Fig. 5 shows the maximum fuel temperature for various pulse
heights and durations induced on a fuel operating with nominal
linear heat rate of 300 W/cm.

4. Discussion

4.1. Comparison of constant to variable properties

Table 1 summarizes the relative percent error one would accrue
by using material properties that are independent of temperature
and hydrogen concentration for a steady-state solution. The con-
stant values used for thermal conductivity and volumetric heat
capacity were 0.16 W/cm K and 2.3 J/cm3 K. Results are shown
for LHRs of 100, 200, and 300 W/cm.

Although the relative percent errors may seem small, a 3% rela-
tive difference amounts to 30 K at a temperature of 1000 K. Also, at
100 W/cm, the overshoot in temperature and undershoot in H/Zr
ratio at the fuel centerline would bring about a significant error
in the axial stress. A moderate discrepancy in any of these terms
may have a significant effect on the overall fuel behavior.



Table 1
Effects of variable property versus constant property analyses: relative error.

LHR
(W/cm)

Maximum
temperature (%)

H/Zr at fuel
center (%)

H/Zr at fuel
surface (%)

Axial stress at fuel
center (%)

100 1.11 �0.51 0.55 12
200 2.18 �0.84 0.97 8.73
300 3.19 �1.05 1.29 2.78
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4.2. Extent and effect of hydrogen desorption

The extent of hydrogen release from the LM bonded fuel is un-
known. However, it is believed to be smaller when compared to the
case of fuel gap filled with helium, since the hydrogen is readily re-
leased from the surface into a much larger volume and the gas
phase solubility is infinite. For perspective, it is appropriate to
study fuel with a He filled gap. The extent of release can then be
estimated by the equilibrium partial pressure of hydrogen inside
the cladding, which can be expressed as a function of temperature
and fuel surface hydrogen concentration according to Wang et al.
[17] as
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PðatmÞ ¼ Ceq

2� Ceq

� �2

exp 8:01þ 5:21Ceq �
2:07� 104

TðKÞ

 !
: ð17Þ

The free volume inside the cladding due to the plenum volume
and gap is approximately 40 cm3. Assuming a pre-pressurization to
1 MPa of He, the total pressure in the cladding can be calculated as
the sum of partial pressures of hydrogen and helium that in turn
obey the ideal gas law. Therefore equilibrium pressure inside the
cladding as function of temperature and H/Zr ratio at the fuel sur-
face could be estimated as shown in Fig. 6(a). The plenum and gap
are conservatively assumed to be at the fuel surface temperature.
The amount of hydrogen within each fuel rod is approximately
25 mol. The equilibrium fractional loss of this amount as function
of fuel surface temperature and H/Zr ratio at the fuel surface is also
shown in Fig. 6(b). Adsorption of hydrogen on the inner surface of
cladding and its subsequent diffusion into the cladding is ignored.
Over time however, this will result in a larger fractional release of
hydrogen into the cladding.

4.3. Magnitude and effect of power depression

A pin cell model was built in MCNP (Monte Carlo N-Particle
Transport Code) to determine the steady-state power profile dur-
ing the reactor operation so the accuracy of the uniform power
approximation could be addressed. The steady-state temperature
and hydrogen concentration results with the uniform power LHR
of 300 W/cm were used as input for the cross-sections and number
densities of the MCNP model. The power was tallied in 10 radial
shells of the fuel. The resultant power profile was used to update
the heat and hydrogen diffusion model and the process was iter-
ated until convergence. The normalized power profile for the first
iteration is shown in Fig. 7. The maximum difference between
the uniform and depressed power profiles is around 2% and it
changes the centerline temperature by 2.25 K, or �0.8% of the fuel
centerline to coolant temperature drop. Its effects on the hydrogen
concentration and stresses are even smaller, leaving one to con-
clude that the uniform power profile is a good assumption.

5. Conclusions

Steady state and transient behavior of several aspects of the fuel
operating performance have been investigated, taking into account
the temperature and hydrogen concentration dependence of the
fuel properties.
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Steady-state temperature, hydrogen concentration, and stress
profiles of the hydride fuel operated at various linear heat rates
have been calculated. The extent of hydrogen redistribution, driven
by the gradient in temperature, becomes more severe as the power
increases. Strains in the fuel occur from thermal and hydrogen con-
centration gradients, with the latter being the dominant contribu-
tor. Axial and azimuthal stresses are both compressive at the
surface and tensile at the fuel centerline. These results are in agree-
ment with what was previously shown by Olander, where the
dependence of fuel properties (except the coefficient of thermal
expansion) on temperature and hydrogen concentration were ig-
nored [10]. The fuel fracture criterion is unknown and needs be
determined through finite element methods.

The transient response of hydride fuel to a reactivity insertion
accident scenario was studied by artificially pulsing power in a
square wave. The thermal response of the fuel to the changing
boundary conditions is very rapid (on order of few seconds) due
to the small fuel rod and large thermal diffusivity. There is no dis-
cernable alteration in the transient hydrogen profile, since the
characteristic diffusion time for these length scales is many orders
of magnitude larger than the transient durations. However, it is
necessary to model the hydrogen diffusion since it is important
to know the steady-state distribution for the initial conditions. Sur-
prisingly, the stress across the fuel is actually reduced during the
power pulse. The temperature-induced stresses counteract the
hydrogen-induced stresses, so the fuel is in its most relaxed state
during this stage of the transient. The fuel experiences maximum
stress when temperature gradients diminish but the hydrogen dis-
placement remains at the pre-transient distribution.

The flux of hydrogen atoms, in a fuel assembly with a He filled
gap, out of the fuel during steady state and transient operation of
the fuel is very small since the net rate (desorption–adsorption)
quickly becomes zero when the equilibrium hydrogen partial pres-
sure is established. The pressure buildup inside the cladding and
the total fraction of hydrogen lost from the solid state to the clad-
ding volume are negligible even at very high fuel surface temper-
atures. The extent of dehydriding is expected to be even less for
LM bonded fuels.
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Appendix A

The radial heat equation with variable properties is a non-lin-
ear partial differential equation (Eq. (7)), so discretization must
be done carefully. A well known procedure is that of Crank
and Nicolson [8], in which time is discretized with the trapezoid
rule and space with central difference. This first step is shown
below:
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where i and j indicate the radial node and time-step, respectively.
All terms are considered as node-centered. The equation is ex-
panded and shuffled more:
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where the following terms and notations are defined and used for
convenience:

Q ¼ 1
2
ð _qmjþ1

i þ _qmj
i Þ; ðA3Þ

x ¼ Dt
2Dr2 ; ðA4Þ

ki�1=2 ¼
1
2

ki�1 þ kið Þ: ðA5Þ

Since a marching procedure is performed with time, solving for
the j + 1st iterate from the known jth iterate, the thermal conduc-
tivity and volumetric heat capacity at the j + 1st time-step are not
known as they depend on both temperature and hydrogen concen-
tration. Further, the functional dependencies are highly non-linear.
Initially, predictor-corrector iterations were performed at each
time-step, requiring substantial increases in run-time. Newton–
Raphson methods were also considered but were deemed too labo-
rious. A final, simpler method that produces results with essen-
tially no difference is a first-order Taylor extrapolation of the
material properties using the jth and j � 1st values. This procedure
is outlined below:
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The node-centered radius terms are also expanded accordingly:
ri ¼ Drði� 1=2Þ; ðA8Þ
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Utilizing these enhancements, the final form of the semi-implic-
itly discretized heat equation is acquired:
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Appendix B

The hydrogen mass balance equation can be written for a differ-
ential radial shell in terms of the flux within the fuel as the
following:

cjþ1
i ¼ cj

i þ ½J
j
i�1=2Si�1=2 � Jj

iþ1=2Siþ1=2�Dt; ðB1Þ
where c is the molar concentration of hydrogen in mole H/cm3; J is
the hydrogen atom flux specified earlier in Eq. (10). S is the ratio of
inner/outer surface of each radial shell to its volume with units of
cm�1:
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After substituting Eq. (A9) and simplifying, (B2) becomes:
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The atomic ratio of hydrogen to zirconium is:
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Substituting for Eqs. (B3), (B4), (10), and (B1) generates the fol-
lowing result:
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Further simplification of the above results in the fully explicit
discretization for H/Zr ratio as
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Appendix C

Eq. (15) for the radial stress is first discretized with central
difference:
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Utilizing Eqs. (A8) and (A9) and taking into account the linearly
temperature dependant coefficient of thermal expansion Eq. (C1)
becomes:
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With the boundary conditions described in Section 2.5, Eq. (C2)
can be solved in the matrix form, obtaining the radial stress across
the fuel. The azimuthal stress across the fuel is then determined
through Eq. (16) as the following, where the condition of radially
symmetric stress is again applied:
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As discussed in Section 2.5 the axial stress is defined as the dif-
ference between the actual to the mean of the restrained axial
stress (such that ez = 0), as shown in Eq. (C4)

rz;i ¼ rR
z;i � �rR

z;i: ðC4Þ

The actual and mean of the restrained axial stress are found as
shown in Eqs. (C5) and (C6). The reference temperature was taken
as 750 K, corresponding to the typical fuel processing tempera-
tures, during which the material is assumed to be free of residual
stresses. The reference value of H/Zr ratio is 1.6.
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